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On Certain Formal Properties of the Human Syntactic Retina 
  

Abstract 
  

This paper argues that humans are presently endowed with an innate syntactic retina 
which allows us to cognize our perceptions of strings of words, just as our visual retina 
permits us to cognize our perceptions of visual space.  Using elementary formal 
mechanics borrowed from linear algebra and n-dimensional geometry as developed by 
Coxeter, the human syntactic retina which mediates between strings of words and the 
binary-Merge syntactic objects of modern UG is shown to be merely the 3-dimensional 
case in a natural progression of such syntactic retinas, where: i) a 2-dimensional 
syntactic retina will suffice for communication in a finite-state language (such as 2-
dimensional inhabitants of Abbot’s flatland might speak); ii) a 4-dimensional syntactic 
retina would be required by 4-dimensional beings who happen to speak languages 
requiring ternary-Merge for their characterization; iii) more generally, an n-dimensional 
syntactic retina would be required by n-dimensional beings speaking languages whose 
formal characterization requires (n-1)-ary Merge.  In this progression, finite-state 
languages assume their natural place as those which require solely “unary-Merge” for 
their characterization,  as will readily be seen from the formal definition of Merge 
developed in this paper. 
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1.   What is a syntactic retina? 
 
In twenty-five words or less, a syntactic retina can be incompletely but accurately 
described as a device which recovers the Merge operations or equivalent context-free 
rewrite rules which generated a string of words.  To make this description complete as 
well as accurate,  it is first necessary to ask and answer two questions.  
 
1.1 What exactly does Merge merge? 
 
Modern UG construes Merge simply as an operation which merges subsets of 
elements, perhaps singleton subsets, as in the case of the Merge operation Merge(a,b), 
where a and b are elements of the lexicon.  Although this purely set-theoretic 
characterization of Merge succeeds admirably in its objective of dispensing with any 
notion of “node” or “non-terminal symbol” or “category symbol” or  “derivation tree 
vertex”, it actually obscures an important property of Merge. 
 
To see what this property is, one must take Yeats’ advice to “go down where all the 
ladders start”, in this case, down to Chomsky’s original recognition that the action of a 
finite-state machine M can be described by a finite-state grammar G1 with only two 
types of rules: A → a B and A → a.  As Chomsky noted, the initial symbol of G1 
corresponds to the initial state S0 of M, every other non-terminal of G1 corresponds to a 
state Sk  of M (k> 0), and each terminal of G1 corresponds to a word wi which M spits 
out as it moves from state Si to state S(i+1). 
 
Since G1 describes the action of M in this way, G1 may obviously be thought of as 
merging successive pairs (S0,w0), . . ., (Si, wi), . . ., (Sn.wn) of states and words.  And 
insamuch as there is exactly one state and one word in each pair (Si, wi) merged by G1, 
it does not seem unreasonable  to call G1 a unary-Merge grammar which represents a 
unary finite-state machine M1. 
 
Keeping in mind this interpretation of the finite-state grammar G1 as a unary-Merge 
grammar which merges (state,word) pairs, consider now the the binary-Merge operation  
Merge(b,c) and the equivalent classical context-free rewrite rule B → b c, where: 
 
1)  Merge(b,c) is the simplest possible binary Merge operation, inasmuch as b and c 
are singleton sets representing elements of the lexicon; 
 
2)  B → b c is the simplest possible context-free rewrite rule, inasmuch as b and c are 
terminal symbols, not non-terminal “nodes” or “category symbols” which can be further 
rewritten.  (Note here that B → b c must be considered a context-free rewrite rule 
because it is not one of the two types of rules B → b C and C → c permitted in finite-
state grammars.) 
 
If we split the element B into two elements BL and BR, we can think of a grammar G2 
containing just the rule B → b c as describing the operation of a “dual” or “binary” finite-
state machine M2 which starts in the pair of synchronized states BL and BR and spits out 
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the two words b and c before stopping (i.e.  M2 spits out b as it leaves state BL and c as 
it leaves state BR.)  Note that such a “dual” or “binary” finite-state machine is similar 
conceptually to Shannon’s notion of a device which multiplexes two different signals into  
a multiplex signal; there is also an obvious analogy to keystroke control symbols such 
as “Control-C”, where “C” and the control key are pressed at the same time and may 
therefore be considered a multiplex signal.) 
 
Keeping in mind this interpretation of the rule B → b c, suppose now that we add the 
rule A → a B to the grammar G2, where this rule is the functional equivalent of the 
Merge operation Merge(a,{b,c}) in the sense that application of the rule A → a B 
followed by application of the rule B → b c will produce the structure [a [b c]] equivalent 
to the Merge expression {a,{b,c}}. 
 
If we again split the element A into two elements AL and AR (just as we split the element 
B into the two elements BL and BR), we can think of the rule A → a B in the grammar G2 
as describing a second kind of capability of the machine M2 – namely, the ability to spit 
out a new pair of synchronized states as it leaves a state.  In particular: 
 
3)  M2 will start in the pair of synchronized states AL and AR. 
 
4) Upon leaving the state AL, M2 will spit out the word a. 
 
5) But upon leaving the state AR, M2 will spit out the new pair of synchronized states BL 
and BR; 
 
6) As before, M2 will spit out the word b as it leaves BL, and the word c as it leaves BR, 
 
Alternatively, suppose we rename the machine M2 as M20.  Then instead of saying that 
M2 has “the ability to spit out a new pair of synchronized states as it leaves a state”, 
we can say that M20 has “the ability to trigger a  new machine M21 which will start in a 
new pair of synchronized states.”  If we adopt this alternative, then instead of (3-6) 
above, we can say this: 
 
7)  M20 will start in the pair of synchronized states AL and AR. 
 
8) Upon leaving the state AL, M20 will spit out the word a. 
 
9) But upon leaving the state AR, M20 will triggger a new machine M21 which will start in 
the new pair of synchronized states BL and BR; 
 
10) M21 will spit out the word b as it leaves BL, and the word c as it leaves BR, 
 
Either way, whether we adopt the point of view in (3-6) or the point of view in (7-10), we 
can see that there is a natural progression from the unary-Merge finite state grammar 
G1 to the binary-Merge context-free grammar G2: 
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11) a unary-Merge (or finite state) grammar G1 merges successive singleton or 1-plex 
(state,word) pairs; 
 
12) the binary-Merge (or context-free) grammar G2 merges successive duplex (state, 
word) pairs. 
 
And this progression can obviously be captured in general terms by saying that: 
 
13) the n-ary-Merge (or context-free) grammar Gn merges successive n-plex 
(state,word) pairs. 
 
When n =3, for example, each successive triplex (state,word) pair is conceptually similar 
to the familiar triplex keystroke symbol “Alt-Control-Delete”, just as noted earlier for n = 
2, where each succssive duplex (state,word) pair is conceptually similar to multiplexed 
keystroke symbols like “Control-C” or “Control-X”. 
 
1.2  What is a Linear n-ary Merge operation and a Linear Syntactic Retina? 
 
Consider the two merge syntatctic objects (14a-b) and the equivalent context-free 
syntactic structures (15a-b): 
 
14)a. {a, b, {c, d, {e, f, g} } }   
  
14)b. {{a, b}, { {c, d}, {e, f, g} } }  
 
15)a. [A a b [C c d [E e f g E]  C]  A]  
 
15)b. [A [B a b B] [C [D c d D] [E e f g E]  C]  A] 
 
Each set in (14a) immediately contains only one non-singleton set, whereas this is not 
the case in (14b).  Similarly, each node in (15a) immediately contains only one non-
terminal node, whereas this is not the case in (15b).  Since the context-free grammar 
which generates (15a) is termed linear (because none of its rewrite rules contain more 
than one non-terminal symbol), it makes sense to refer to syntactic objects such as 
(14a) as outputs of linear merge operations. 
 
This paper discusses only the linear syntactic retina, i.e. a syntactic retina which 
operate on strings of words generated solely by linear n-ary Merge operations or their 
context-free rewrite rule equivalents.  However, it will be clear from this discussion how 
the notion “linear syntactic retina” can be both readily and naturally extended to the 
notion “non-linear syntactic retina”. 
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2. How does a linear syntactic retina recover n-plex (state,word) pairs? 
 
Since this paper defines a linear syntactic retina as a device which recovers the linear 
n-ary Merge operations which generated a string of words,  and also defines linear n-ary 
Merge operations as operations which merge n-plex (state,word) pairs, it follows 
definitionally that a linear syntactic retina must be construed as a device which recovers 
a set of n-plex (state,word) pairs. 
 
To effect any such recovery, a linear syntactic retina uses a novel set of formal 
mechanics arising from a consideration of:  
 
i)  Coxeter’s projection of n-dimensional cross-polytopes (“hyper-octahedrons”)  as 
certain regular 3-dimensional n-gonal (anti-) prisms; 
 
in relation to: 
 
ii)  Burkardt’s statement of one simple condition under which an 2 x n array of n two-

dimensional column vectors can be re-interpreted as an n x 2 array of two  
 orthogonal  n-dimensional column vectors.  
 
The relevant details of Coxeter’s projection and Burkardt’s condition will be made 
intuitively clear in Sections 3-8,  but it is perhaps worth noting in advance the special 
role which the familiar everyday 3-dimensional cone plays in Coxeter’s projection. 
 
The importance of the role of the cone in Coxeter’s projection consists in the fact that 
this quadric surface has previously provided the foundation for perhaps the most 
important nexus ever formulated between algebra and geometry.  As is well known, 
Newton’s purely geometric treatment of the circle, ellipse, and hyperbola (as curves 
resulting from the section of cones by planes) imbued these curves with a tangible 
physical reality lacking in Descartes’ analytic treatment of these curves (via algebraic 
equations stated with reference to the coordinate systems which bear his name.)  The 
two treatments are not contradictory in any way; Newton’s operational treatment and 
Descartes’ symbolic treatment differ not in the degree of their validity, but rather in the 
purpose which each serves best. 
 
As will be made clear in Sections 9-10, the role of the cone in Coxeter’s projection 
suggests a natural operational alternative to previous symbolic treatments of syntactic 
structures by formal devices such as derivation trees, labelled brackettings, or Merge 
expressions.  In particular, it will be seen that in the finite-state “unary-merge” case, all 
of the hierarchical and “left-right” order relations implicit in symbolic devices such as 
derivation trees, labelled brackettings, and Merge expressions can be recovered from  
the way in which various planes section various conical spirals drawn on the familiar 
3-dimensional cone.  And similarly for the context-free linear “binary-merge” case, 
where the operational treatment involves the way in which various pairs of planes 
section various spherical spirals drawn on the 4-dimensional hypercone.  
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3. Coxeter’s projection from cross-polytopes to regular (anti-) prisms.  
 
 
Consider the solid shape shown in Figure 1, technically known as an octahedron 
because it has eight faces or sides.  The six vertices A, B, C. D, E, and F of this solid lie 
at equal distances from its center O on three lines which are perpendicular to one 
another, namely the lines AOD, BOE, and COF.  Technically, three such lines are often 
called the axes of a three dimensional Cartesian coordinate system with origin O, and 
the octahedron in Figure 1 is technically called a regular octahedron because its 
vertices are equidistant from O on these axes (thereby ensuring that every face of this 
octahedron is exactly the same size and shape as every other face.) 
 

                   
 
Keeping in mind this description of the familiar octahedron in our 3-dimensional world, 
ask yourself the following question.  If we were 4-dimensional beings who lived in 4-
dimensional space in which four lines can be perppendicular to one another (not just 
three, as in our 3-dimensional world), what would the 4-dimensional equivalent of our 3-
dimensional octahedron look like?  
 
Although we cannot ever know the answer to this question, Coxeter’s “projection from 
cross-polytopes to regular prisms or anti-prisms” gives us a way to visualize what a 4-
dimensional regular octahedron would look like, and more generally, a way to visualize 
what an n-dimesional regular octahedron would look like in n-dimensions. 
 
To see how Coxeter’s projection performs this magic trick,  consider the familiar cube 
and hexagonal prism incompletely drawn in Figure 2. 
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In our 3-dimensional world, the four lines AOA’, BOB’, COC’, and DOD’ in Figure 2a are 
obviously not mutually perpendicular; in fact, not one of these lines is perpendicular to 
any of the others.  But nonetheless, these lines accurately represent how four mutually 
perpendicular lines would be arranged with respect to one another in a 4-dimensional 
world, and therefore, the 8 points on these lines show how the vertices of a 4-
dimensional “hyperoctahedron” or “cross-polytope” would be arranged with respect to 
one another.  This is what Coxeter’s projection guarantees.  
 
Similarly, in our 3-dimensional world, the six lines EOE’, FOF’, GOG’, HOH’, IOI’, and 
JOJ’ in Figure 2b are not mutually perpendicular.  But again,  these lines accurately 
represent how six mutually perpendicular lines would be arranged with respect to one 
another in a 6-dimensional world, and therefore, the 12 points on these lines show how 
the vertices of a 6-dimensional “hyperoctahedron” or “cross-polytope” would be 
arranged with respect to one another.  Again, Coxeter’s projection guarantees this. 
 
More generally, Coxeter’s projection guarantees that when n is even, the lines joining 
the n opposed vertices of a regular n-gonal prism will, under a certain condition 
involving the actual dimensions of the prism, accurately represent how n mutually 
perpendicular lines would be arranged with respect to one another in an n-dimensional 
world, and therefore, how the vertices of an n-dimensional “hyper-octahedron” or “cross-
polytope” would be arranged with respect to one another  Here, n-gonal means that the 

(2a) all 8 vertices and two square faces 
of the 4-gonal prism (the familiar cube) 

(2b) all 12 vertices and two hexagonal faces 
of the 4-gonal (hexagonal) prism   

Figures 2a-b: Two Regular Prisms in Familiar 3-dimensional Space 
(drawn "obliquely" so that lines joining vertices are clear) 

A 

B 

C 

D 

A' 

B' 

C' 

D' 

E 

F G 

H 

I J 

E' 

F' G' 

H' 

I' J' 

P 

P' 

O 

P 

P' 

O 



8 
 

prism has two opposite faces with n vertices each, e.g. the two opposite faces of the 
hexagonal prism are two hexagons with six vertices each.) 
 
But what about when n is odd, not even? In this case, Coxeter’s projection guarantees 
that the lines joining the n opposed vertices of a regular n-gonal anti-prism will, under 
certain conditions, accurately represent how n mutually perpendicular lines would be 
arranged with respect to one another in an n-dimensional world.  For example, in Figure 
3b, the five lines QOQ’, ROR’, SOS’, TOT’, and UOU’ accurately represent how five 
mutually perpendicular lines would be arranged with respect to one another in a 5-
dimensional world, and therefore, the 10 points on these lines show how the vertices of 
a 5-dimensional hyperoctahedron would be arranged with respect to one another 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3.1 Regular (anti-) prisms implicitly define right circular cones. 
 
From Figures 2a-b and 3a-b, it should be clear that the lines joining opposed vertices of 
a regular n-gonal (anti-) prism all lie on the surface of a right regular cone whose vertex 
is at the center of the (anti-) prism.  The 2n vertices of the (anti-) prism lie on two circles 
with the same radius r, each at a distance h from the center of the (anti-) prism (the 
vertex of the cone), and as noted by Coxeter, these vertices will be projections of the 2n 
vertices of an n-dimensional cross-polytope if and only if  r = √2h.  In this special case, 
any k-tuple of lines joining opposed vertices of the (anti-) prism (e.g  the 2-tuple 
(EE’,FF’) in Figure 2b or the 3-tuple (RR’, SS’, UU’) in Figure 3b) will be the 
projection of a k-tuple of mutually orthogonal lines in n-dimensional space. 

c 

(3a) all 6 vertices and two triangular faces 
of the 3-gonal antiprism  
(the familiar octahedron) 

(3b) all 10 vertices and two pentagonal faces 
of the 5-gonal (pentagonal) antiprism   

Figures 3a-b: Two Antiprisms in Familiar 3-dimensional Space 
(drawn "obliquely" so that lines joining vertices are clear) 
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4.  Burkardt’s orthogonality condition. 
 
As mentioned above, Burkardt’s orthogonality condition specifies one simple general  
condition under which an 2 x n array of n two dimensional column vectors can be re-
interpreted as a n x 2 array of two orthogonal n-dimensional column vectors.  For 
example, the 2 x 4 array of four two-dimensional column vectors: 
 
16)a 

                           Vectors 
Dimensions      V1       V2      V3      V4 

            D1      0         4     3    5           
           D2      0         2    -1      -1    
 
is re-interpretable as the 4 x 2 array of two 4-dimensional column vectors: 
 
16)b 

               Vectors 
Dimensions      pV       rV       , where pV and rV are orthogonal (perpendicular) 

            D1                       0         0         because (0*0) + (4*2) + (3*(-1)) + (5*(-1)) = 0.    
           D2               4         2 
           D3               3        -1 
           D4               5        -1 
 
And Burkardt’s orthogonality condition explains why the orthogonality of the vectors pV 
and rV in (16b) is a necessary consequence of the fact that the array of n 2-dimensional 
vectors in (16a) has a certain simple linear algebraic property herein termed Burkardt 
balance. 
 
In addition to the fact that the vectors rV and pV in (16b) are mutually orthogonal, it is 
also important to note that rV is not only orthogonal to pV, but also to the “identity” vector 
I4 [1,1,1,1] in E4 (inasmuch as (0*0) + (2*1) + (-1*(1)) + (-1*(1)) = 0.)  This is always rhe 
case for any Burkardt-balanced array of 2-dimensional vectors such as that in (16a), 
i.e.: when any such array is re-interpreted as two n-dimensional vectors such as those 
in (16b), one of these two vectors will be orthogonal to In. 
 
The aspect of the notion Burkardt balance most relevant to the purposes of this paper 
consists in the fact that a certain type of Burkardt-Balanced Array (herein termed a Type 
0 BBA) can be obtained using either one of two entirely different methods: the 
Permutation-Based Method (PBM) or the Centered-Hex Method (CHM),  These two 
methods are similar in that they both create the four arrays of n integers (17a-d), of 
which the arrays pA and rA together comprise a Type 0 BBA. 
 
17)a.  xA =  (x0,...,xn-1), where xk = k for 1 ≤ k ≤ n-1 (e.g. (0,1,2,3) when n  4) 
17)b. yA =  (y0,…,yn-1), where yA is a permutation of xA 
17)c. pA =  (p0,…,pn-1), where pk = yk + xk for 1 ≤ k ≤ n-1 
17)d. rA =  (r0,…,rn-1), where rk = yk - xk for 1 ≤ k ≤ n-1. 
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These two methods are different in that the PBM merely operates on two given 
instances of yA and xA in order to construct the Type 0  BBA (pA,rA), whereas the CHM 
first constructs rA according to certain general rules (which simultaneously generate the 
centered hexagonal numbers 1,7,19,…), and then constructs pA and yA from rA and xA   
 
Sections 5-6 respectively provide decriptions of how the CHM constructs Type 0 BBA’s 
of even and odd order n, i.e. Type 0 BBA’s in which there are n integers in pA and n 
integers in rA.    Sections 7-8 then show how Type 0 BBA’s of even and odd order are 
constructeed via the PBM. 
 
5. How the CHM generates the array rA in a Type 0 BBA of order n ≥ 2, n even. 
 
To generate the array rA in a Type 0 BBA of order n ≥ 2 (n even), the CHM uses three 
simple rules. 
 
18)a. When n =2, rA is defined as (0,0). (Note that (0,0) can be re-intepreted as the 

two-dimensional column vector [0,0], which is trivially orthogonal to the identity 
vector I2 = [1,1] because (0*1) + (0*1) = 0.) 

 
18)b.  For n > 2 (n even),  the CHM always defines the elements r0, r1, rn-2, and rn-1 of rA 

as 0, n-2, -(n-2)/2, and -(n-2)/2 respectively; 
 
18)c.  For n > 2 (n even),  the CHM always defines the elements (r2,…,ri,…rn-3) of rA by 

summing corresponding elements of the arrays rAn-4 and sA = (s0,…,si,…,sn-5), 
where: i) rAn-4 is the array rA for n-4; ii) si is -1 if i is even and +1 if i is odd. (Of 
course, this rule does not apply when n = 4 , since rA in this case is completely 
specified by rule (18b).)   

 
Sections 5.1-5.4 give examples of the application of these rules for n = 4, 6, 8, and 10. 
 
5.1  The array rA when n = 4. 
 
By rule (18b), r0, r1, rn-2, and rn-1 are (0,2,-1,-1).  Since there no remaining elements to 
specify between r1 and rn-2, rule (18c) does not apply, and therefore, rA = (0,2, -1,-1).   
 
When this array is re-interpreted as a column vector, the resulting 4-dimensional vector 
rV = [0,2, -1,-1] is orthogonal to the identity vector I4 = [1,1,1,1], as required. 
 
5.2 The array rA when n = 6. 
 
By rule (18b), r0, r1, rn-2, and rn-1 are (0,4,-2,-2).  By rule (18c), r2, and r3 are (-1,+1), the 
sum of corresponding elements of the arrays rA = (0,0) for n = 2 and sA = (-1,+1). 
 
Hence, rA = (0,4,-1,+1,-2,-2) for n = 6, and when this array is re-interpreted as a column 
vector, the resulting 6-dimensional vector rV = [0,4,-1,+1,-2,-2] is orthogonal to the 
identity vector I4 = [1,1,1,1], as required. 
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5.3 The array rA when n = 8. 
 
By rule (18b), r0, r1, rn-2, and rn-1 are (0,6,-3,-3).  By rule (18c), r2, r3, r4, and r5 are 
respectively -1, 3, -2, 0, i.e. the sums of corresponding elements of the arrays rA = (0,2, 
-1,-1) for n = 4 and sA = (-1,+1,-1,+1.). 
 
Hence, rA = (0,6,-1,3,-2,0,-3,-3) for n = 8, and when this array is re-interpreted as a 
column vector, the resulting 8-dimensional vector rV = [0,6,-1,3,-2,0,-3,-3] is orthogonal 
to the identity vector I8 = [1,1,1,1,1,1,1,1], as required. 
 
5.4 The array rA when n = 10. 
 
By rule (18b), r0, r1, rn-2, and rn-1 are (0,8,-4,-4).  By rule (18c), r2, r3, r4, r5, r6, and r7 are 
respectively -1, 5, -2, 2, -3, -1  , i.e. the sums of corresponding elements of the arrays rA 
= (0,4,-1,+1,-2,-2) for n = 6 and sA = (-1,+1,-1,+1,-1,+1.). 
 
Hence, rA = (0,8,1,5,-2,2,-3,-1-4,-4) for n = 8, and when this array is re-interpreted as a 
column vector, the resulting 8-dimensional vector rV = [0,8,1,5,-2,2,-3,-1-4,-4] is 
orthogonal to the identity vector I10 = [1,1,1,1,1,1,1,1,1,1], as required. 
 
5.5 Centered hexagonal numbers and the array rA for n ≥ 6, n even. 
 
When the CHM generates the array rA for for n ≥ 6 (n even), this method simultaneously 
generates the ith centered hexagonal number, where i = (n/2) -2.  In particular, there will 
always be d elements somewhere in the array rA such that when these elements are 
interpreted as a d-dimensional column vector D, the length of this vector will be √2*iH, 
where i = (n/2) -2 and iH is the ith centered hexagonal number. 
 
For example: 
 
19) When n = 6: 
19)a. i = (6/2) -2 = 1 
19)b.  the first centered hexagonal number 1H is 1 
19)c. D is the column vector [-1,+1] with length √(2*1) 
  
20) When n = 8: 
20a. i = (8/2) -2 = 2 
20)b.  the second centered hexagonal number 2H is 7 
20)c. D is the column vector [-1,3,-2] with length √(2*7) 
   
21) When n = 10: 
21)a. i = (10/2) -2 = 3 
21)b.  the third centered hexagonal number 3H is 19 
21)c. D is the column vector [5,-2,-3] with length √(2*19) 
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(Note also that in all three of these cases, the column vector D is orthognal to Id.) 
Although a full discussion of the implications of (19-21) is beyond the scope of this initial 
paper, Section 11 does show why the apparent association between the CHM and the 
centered hexagonal numbers may indicate that natural language syntactic structures 
are “closely-packed” in a sense which can be made precise. 
 
5.6.  How the CHM finds the arrays yA and pA from xA and rA.  
 
To find the array yA, the CHM simply searches for a permutation of xA which makes 
condition (17d) true.  This permutation of xA is yA. 
 
Once having found yA, the CHM then determines pA as the array which makes condition 
(17c) true. 
 
6. How the CHM generates the array rA in a Type 0 BBA of order n ≥ 3, n odd. 
 
To generate the array rA in a Type 0 BBA of order n ≥ 3 (n odd), the CHM uses these 
rules. 
 
22)     When n =3, rA is defined as (0,1-1). (Note that (0,1-1) can be re-intepreted as the 

two-dimensional column vector [0,1-1], which is orthogonal to I3 = [1,1,1]; also 
note that the length of [0,1,-1]. is √21H, since 1H = 1. 

 
23) .   When n > 3, the CHM first defines the elements r0, r1, r2 , rn-2, and rn-1 of rA as: 
 

r0 = 0 
r1 = n-2 
r2 = -1 
rn-1 = -(n-1)/2 
rn-2 = rn-1 + 2.   
 
Then, the CHM defines any remaining undefined elements (r3,…,ri,…rn-3) of rA as 
follows: 

 
 a) if i is is even, then ri =  ri-2  - 1 
 
 b) if i is is odd, then ri = ri-2  - 3. 
 
These rules not only guarantee that the vector [r0, r1, rn-3, rn-1] will always be orthogonal  
to I4, but also that the length of this vector will always be √2*iH. where i = (n-1)/2); 
 
Sections 6.1-6.4 give examples of the application of these rules for n = 5, 7, 9, and 11. 
 
6.1  The array rA when n = 5. 
 
When n = 5, rule 23 defines r0, r1, r2, rn-2, and rn-1 of rA as: 
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r0 = 0   =  0  
r1 = n-2  =   3 
r2 = -1   =  -1 
rn-2 = rn-1 + 2  =  0 
rn-1 = -(n-1)/2  = -2 
 
There are no remaining elements to define, and: 
 
the vector [r0, r1, rn-3, rn-1] = [0,3,-1,-2] is orthogonal to to I4, as required;   
the vector [0,3,-1,-2] has length √22H = √14 as required, since 2H = 7. 
 
6.2  The array rA when n = 7. 
 
When n = 7, rule 23 defines r0, r1, rn-2, and rn-1 of rA as: 
 
r0 = 0   =  0  
r1 = n-2  =  5 
r2 = -1   = -1 
rn-2 = rn-1 + 2  = -1 
rn-1 = -(n-1)/2  = -3 
 
The remaining undefined symbols are r3 and r4, which rules (23a-b) define as: 
 
r3 = ri-2  - 3  =  2 
r4 = ri-2  - 1  = -2  
 
And therefore: 
 
the vector [r0, r1, rn-3, rn-1] = [0,5,-2,-3]  is orthogonal to to I4, as required. 
the vector [0,5,-2,-3] has length √23H = √38 as required, since 3H = 19. 
 
6.3  The array rA when n = 9. 
 
When n = 9, rule 23 defines r0, r1, rn-2, and rn-1 of rA as: 
 
r0 = 0   =  0  
r1 = n-2  =  7 
r2 = -1   = -1 
rn-2 = rn-1 + 2  = -2 
rn-1 = -(n-1)/2  = -4 
 
The remaining undefined symbols are r3, r4, r5, and r6, which rules (23a-b) define as: 
 
r3 = ri-2  - 3  =  4 
r4 = ri-2  - 1  = -2  
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r5 = ri-2  - 3  =  1 
r6 = ri-2  - 1  = -3  
 
And therefore: 
 
the vector [r0, r1, rn-3, rn-1] = [0,7,-3,-4]  is orthogonal to to I4, as required. 
the vector [0,7,-3,-4] has length √24H = √74 as required, since 4H = 37. 
    
6.4 The array rA when n = 11. 
 
When n = 9, rule 23 defines r0, r1, rn-2, and rn-1 of rA as: 
 
r0 = 0   =  0  
r1 = n-2  =  9 
r2 = -1   = -1 
rn-2 = rn-1 + 2  = -3 
rn-1 = -(n-1)/2  = -5 
 
The remaining undefined symbols are r3, r4, r5, and r6, which rules (23a-b) define as: 
 
r3 = ri-2  - 3  =  6 
r4 = ri-2  - 1  = -2  
r5 = ri-2  - 3  =  3 
r6 = ri-2  - 1  = -3  
r7 = ri-2  - 3  =  0 
r8 = ri-2  - 1  = -4 
 
And therefore: 
 
the vector [r0, r1, rn-3, rn-1] = [0,9,-4,-5]  is orthogonal to to I4, as required. 
the vector [0,9,-4,-5]has length √26H = √122 as required, since 5H = 61. 
 
 
 
 
 
 
  
 


